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ABSTRACT
Open answer set programming combines the strengths of logic pro-
gramming (a rule-based presentation and a nonmonotonic seman-
tics) and description logics (open domains). Reasoning under an
open answer set semantics is undecidable in general, but decidabil-
ity can be obtained for particular classes of logic programs, e.g.,
for bound guarded programs. In this paper, we show how bound
guarded programs are expressive enough to simulate satisfiability
checking in a DL with n-ary roles and nominals, yielding EXP-
TIME-completeness for both the DL reasoning and the reasoning
with bound guarded programs under the open answer set seman-
tics. We establish decidability of three query problems (query con-
tainment, consistency, and disjointness) for guarded queries by a
reduction to bound guarded programs, resulting in an EXPTIME up-
per bound.

Categories and Subject Descriptors
I.2.3 [Artificial Intelligence]: Deduction and Theorem Proving—
Logic Programming; I.2.4 [Artificial Intelligence]: Knowledge
Representation Formalisms and Methods

General Terms
Theory

Keywords
Answer Set Programming, Open Domains, Description Logics

1. INTRODUCTION
Open answer set programming (OASP) [19, 17] combines the

logic programming and first-order logic paradigms. From the for-
mer it inherits a rule-based presentation and a nonmonotonic se-
mantics by means of negation as failure. In contrast with usual
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logic programming semantics, see, e.g., the answer set semantics
[12], OASP allows for domains consisting of other objects than
those present in the logic program at hand. Such open domains are
inspired by first-order logic based languages such as description
logics (DLs) [2] and make OASP a viable candidate for conceptual
reasoning. Due to their rule-based presentation and their support
for nonmonotonic reasoning and open domains, OASP can be used
to reason with both rule-based and conceptual knowledge on the
Semantic Web, as illustrated in [19].

Take, for example, a logic program

p(X) ← not q(X)
q(a) ←

In normal answer set programming, one grounds the program with
the program’s constants, resulting in

p(a) ← not q(a)
q(a) ←

and the unique answer set {q(a)}. One concludes that p is not
satisfiable as there is no answer set containing a p-atom. How-
ever, considering p(X) ← not q(X) as a schema constraint and
q(a)← as particular instance data, a knowledge engineer may want
to check whether the first rule makes sense, i.e., can p be satisfied,
independently of other instance data? To avoid that the engineer
has to add all significant constants, the open answer set semantics
allows for open domains. E.g., a universe U = {a, x} where x is a
new anonymous element. Grounding the example program with U
gives the program

p(x) ← not q(x)
p(a) ← not q(a)
q(a) ←

which has an answer set {q(a), p(x)}. An open answer set of the
program is (U, {q(a), p(x)} where p is now satisfiable.

Formally, an open answer set in, e.g., [17] is a pair (U,M) where
the universe U is a non-empty superset of the program’s constants
andM is the answer set of the program grounded with U . This def-
inition takes on a unique name assumption, i.e., different constants
are different element in the universe. As DL-based languages such
as OWL DL [3] do not have such an assumption, we mend in this



paper the definition of universes. A universe becomes a pair (D,σ)
where D is an arbitrary non-empty domain and σ maps the con-
stants from the program to elements from D. This obliterates the
unique name assumption from the original definition as c1 6= c2
does not need to imply that σ(c1) 6= σ(c2). Although we extend
the definition of universe for compatibility with current Semantic
Web ontology languages, note that the discussion on whether the
unique name assumption is good or bad is far from settled, see,
e.g., [8].

The main challenge for OASP is to control undecidability of
satisfiability checking, a challenge it shares with DL-based lan-
guages. In [17], we identify a decidable class of programs, so-
called guarded programs, for which decidability of satisfiability
checking was obtained by a translation to guarded fixed point logic
[14]. In this paper, we show the expressiveness of such guarded
programs by simulating a DL with n-ary roles and nominals. In
particular, we extend the DLDLR [6] with both concept nominals
{o} and role nominals {(o1, . . . , on)}, resulting in DLRO. Due
to the expressiveness of DLR one is able to simulate role nomi-
nals using concept nominals such that the former are just syntactic
sugar. The DL DLRO with the number restrictions left out yields
DLRO−{≤}.

We translate satisfiability checking of DLRO−{≤} concept ex-
pressions w.r.t. DLRO−{≤} knowledge bases to satisfiability of
predicates w.r.t. bound guarded programs. Since the latter is in
EXPTIME [18] and the former is EXPTIME-hard, we deduce EXP-
TIME-completeness both for reasoning withDLRO−{≤} and with
bound guarded programs. Previous simulations of DLs with logic
programs under the open answer set semantics, e.g., [16, 19], con-
sidered only DLs with binary roles. Guarded programs allow for
n-ary predicates and constants appearing arbitrarily throughout the
program. As such they enable the simulation of DLs with n-ary
roles and nominals, further dissolving the boundaries between DLs
and logic programming. A current disadvantage of guarded pro-
grams is their inability of expressing number restrictions as is pos-
sible withDLR. TranslatingDLR number restrictions yields pro-
grams that are not guarded, hence our restriction to DLRO−{≤}.

We examine query problems such as query containment, con-
sistency, and disjointness in the context of DLRO−{≤} schemas.
We define guarded queries and show that the above query problems
over DLRO−{≤} schemas can be reduced to satisfiability check-
ing w.r.t. bound guarded programs. In [7], query containment w.r.t.
DLR schemas is studied, demonstrating that query containment
is undecidable in the general case where inequality is allowed in
queries. The results presented in this paper show that one can allow
for inequality in queries and still have decidability, provided the
queries are guarded. In particular, query containment with guarded
queries over DLRO−{≤} schemas is in EXPTIME.

The remainder of the paper starts with an introduction to open
answer set programming in Section 2. Section 3 extends the DL
DLR with nominals and leaves out number restrictions, resulting
inDLRO−{≤}, and Section 4 defines a reduction ofDLRO−{≤}

to bound guarded programs. In Section 5, we discuss three query
problems and reduce them to satisfiability checking w.r.t. bound
guarded programs. Finally, Section 6 points to related work. We
conclude with directions for future research in Section 7.

2. DECIDABLE OPEN ANSWER SET PRO-
GRAMMING

We introduce the open answer set semantics from [17], but mod-
ify it such that it does not take on a unique name assumption for
constants by default. Constants, variables, terms, and atoms are

defined as usual. A literal is an atom p(~t ) or a naf-atom not p(~t ).1

The positive part of a set of literals α is α+ = {p(~t ) | p(~t ) ∈ α}
and the negative part of α is α− = {p(~t ) | not p(~t ) ∈ α}.
We assume the existence of binary predicates = and 6=, where
t = s is considered as an atom and t 6= s as not t = s. E.g.,
for α = {X 6= Y, Y = Z}, we have α+ = {Y = Z} and
α− = {X = Y }. A regular atom is an atom that is not an equality
atom. For a set X of atoms, not X = {not l | l ∈ X}.

A program is a countable set of rules α ← β, where α and β
are finite sets of literals, |α+| ≤ 1, and ∀t, s · t = s 6∈ α+, i.e.,
α contains at most one positive atom and this atom cannot be an
equality atom.2 The set α is the head of the rule and represents a
disjunction of literals, while β is called the body and represents a
conjunction of literals. If α = ∅, the rule is called a constraint.
Free rules are rules of the form q(~t ) ∨ not q(~t ) ← for a tuple
~t of terms; they enable a choice for the inclusion of atoms. We
call a predicate p free if there is a free rule p(~t ) ∨ not p(~t ) ←.
Atoms, literals, rules, and programs that do not contain variables
are ground.

For a literal, rule, or program o, let cts(o) be the constants in o,
vars(o) its variables, and preds(o) its predicates. A universe U for
a program P is a pair (D,σ) where D is a non-empty domain and
σ : cts(P ) → D is a function that maps all constants to elements
from D.3 We call PU the ground program obtained from P by
substituting every variable in P by every possible element from D
and every constant c by σ(c). E.g., for a rule r : p(X)← f(X, c)
and U = ({x, y}, σ) where σ(c) = x, we have that the grounding
w.r.t. U is

p(x) ← f(x, x)
p(y) ← f(y, x)

Let BP be the set of regular atoms that can be formed from a
ground program P .

An interpretation I of a ground P is any subset of BP . For a
ground regular atom p(~t ), we write I |= p(~t ) if p(~t ) ∈ I; for
an equality atom p(~t ) ≡ t = s, we have I |= p(~t ) if s and t are
equal terms. We have I |= not p(~t ) if I 6|= p(~t ). For a set of
ground literals X , I |= X if I |= l for every l ∈ X . A ground rule
r : α ← β is satisfied w.r.t. I , denoted I |= r, if I |= l for some
l ∈ α whenever I |= β. Consequently, a ground constraint ← β
is satisfied w.r.t. I if I 6|= β. For a ground program P without not,
an interpretation I of P is a model of P if I satisfies every rule in
P ; it is an answer set of P if it is a subset minimal model of P .
For ground programs P containing not, the GL-reduct [12] w.r.t. I
is defined as P I , where P I contains α+ ← β+ for α ← β in P ,
I |= not β− and I |= α−. I is an answer set of a ground P if I is
an answer set of P I .

In the following, a program is assumed to be a finite set of rules;
infinite programs only appear as byproducts of grounding a finite
program with an infinite universe. An open interpretation of a pro-
gram P is a pair (U,M) where U is a universe for P and M is an
interpretation of PU . An open answer set of P is an open interpre-
tation (U,M) of P with M an answer set of PU . An n-ary predi-
cate p in P is satisfiable if there is an open answer set ((D,σ),M)
of P and a ~x ∈ Dn such that p(~x) ∈M .

1We have no classical negation ¬, however, programs with ¬ can
be reduced to programs without it, see e.g. [24].
2The condition |α+| ≤ 1 makes the GL-reduct non-disjunctive,
ensuring that the immediate consequence operator is well-defined,
see [17].
3A universe in [17] is a domain D that is a non-empty superset of
the constants in P . This corresponds to a domain (D,σ) where σ
is the identity function on D.



Satisfiability checking w.r.t. the open answer set semantics is
undecidable in general. In [17], we identify a syntactically re-
stricted fragment of programs, so-called guarded programs, for
which satisfiability checking is decidable and obtained by a reduc-
tion to guarded fixed point logic [14]. Although the reduction in
[17] assumes an open answer set semantics with a unique name
assumption, it can be easily modified to fit the more general defini-
tion of universe we introduce in this section: leave out the guarded
fixed point logic formulas that ensure that different constants are
interpreted as different elements. The decidability of guarded pro-
grams relies on the presence of an atom in each rule that contains
all variables of the rule, the guard of the rule. Formally, a rule
r : α ← β is guarded if there is an atom γb ∈ β+ such that
vars(r) ⊆ vars(γb); we call γb a guard of r. A program P is a
guarded program (GP) if every non-free rule in P is guarded. E.g.,
a rule a(X,Y ) ← not f(X,Y ) is not guarded, but a(X,Y ) ←
g(X,Y ), not f(X,Y ) is guarded with guard g(X,Y ). Satisfiabil-
ity checking of predicates w.r.t. guarded programs under the open
answer set semantics is 2-EXPTIME-complete – a result that stems
from the corresponding complexity in guarded fixed point logic.

Define the width of a fixed point logic formula ψ as the maxi-
mal number of free variables in its subformulas [13]. We define
bound programs by looking at their corresponding first order form
and the arity of its predicates. A program P is bound if every for-
mula in sat(P ) is of bounded width and the predicates in P have
a bounded arity, where sat(P ) is the first order form of P , i.e.,
V

r:α←β∈P
∀ ~X · β ⇒ α, where ~X are the variables in r and not

is replaced by ¬. In [18], we introduce those bound guarded pro-
grams and show that satisfiability checking is EXPTIME-complete.
Note that the programs in [18] include generalized literals making
them more expressive than the programs we consider in this paper.
The EXPTIME-completeness for bound guarded programs with gen-
eralized literals yields an EXPTIME upper bound for bound guarded
programs, but EXPTIME-hardness cannot be deduced directly (since
the reduction in [18] uses generalized literals). In the next section
however, we show EXPTIME-hardness for bound GPs without gen-
eralized literals as well.

We do not have a unique name assumption, i.e., it may be that
c1 6= c2 for constants c1 and c2 but that σ(c1) = σ(c2) for a
universe (D,σ). We can nonetheless impose the unique name as-
sumption by adding c1 6= c2 to the program for any pair of different
constants. Such an addition is a quadratic transformation in the size
of the original program and if the original program is a bound GP,
the transformed one will be too.

3. EXTENDING DLR WITH CONCEPT
AND ROLE NOMINALS

The DL DLR [6, 2] is a DL that supports n-ary roles, instead
of the usual binary ones. We introduce DLR as in [2]. The basic
building blocks in DLR are concept names A and relation names
P where P denotes arbitrary n-ary relations for 2 ≤ n ≤ nmax and
nmax is a given finite nonnegative integer. Role expressions R and
concept expressions C can be formed according to the following
syntax rules:

R→ >n | P | ($i/n : C) | ¬R | R1 uR2

C → >1 | A | ¬C | C1 u C2 | ∃[$i]R | ≤k[$i]R

where we assume i is between 1 and n in ($i/n : C), and similarly
in ∃[$i]R and ≤ k[$i]R if R is an n-ary relation. Moreover, we
assume that the above constructs are well-typed, e.g., R1 u R2

is defined only for relations of the same arity. The semantics of
DLR is given by interpretations I = (∆I , ·I) where ∆I is a non-

empty set, the domain, and ·I is an interpretation function such
that CI ⊆ ∆I , R

I ⊆ (∆I)n for an n-ary relation R, and the
following conditions are satisfied (P,R,R1, and R2 have arity
n):

>In ⊆ (∆I)n

P
I ⊆ >In

(¬R)I = >In\R
I

(R1 uR2)
I = R

I
1 ∩R

I
2

($i/n : C)I = {(d1, . . . , dn) ∈ >In | di ∈ C
I}

>I1 = ∆I

AI ⊆ ∆I

(¬C)I = ∆I\CI

(C1 u C2)
I = CI1 ∩ C

I
2

(∃[$i]R)I = {d ∈ ∆I | ∃(d1, . . . , dn) ∈ R
I · di = d}

(≤k[$i]R)I = {d ∈ ∆I | |{(d1, . . . , dn) ∈ R
I | di = d}| ≤ k}

Note that in DLR the negation of role expressions is defined w.r.t.
>In instead of w.r.t. (∆I)n. A DLR knowledge base consists of
terminological axioms and role axioms defining subset relations be-
tween concept expressions and role expressions (of the same arity)
respectively. A terminological axiom C1 v C2 is satisfied by I iff
CI1 ⊆ C

I
2 . A role axiom R1 v R2 is satisfied by I iff R

I
1 ⊆ R

I
2 .

An interpretation is a model of a knowledge base if all axioms are
satisfied by the interpretation. A concept expression C is satisfi-
able w.r.t. a knowledge base Σ if there is a model I of Σ such that
CI 6= ∅.

We extendDLRwith nominals {o} and {(o1, . . . , on)} and call
the resulting DL DLRO:

R→ >n | P | ($i/n : C) | ¬R | R1 uR2 | {(o1, . . . , on)}

C → >1 | A | ¬C | C1 u C2 | ∃[$i]R | ≤k[$i]R | {o}

We distinguish between concept nominals {o} and (n-ary) role
nominals {(o1, . . . , on)} for n > 1. The former are concept ex-
pressions while the latter are role expressions. We interpret concept
nominals as singleton subsets of ∆I and role nominals as single-
ton subsets of>In. The definition of an interpretation I is extended
such that for any b in some nominal bI ∈ ∆I , i.e., I maps b to
an element in the domain. The semantics of nominals satisfies then
the following constraints:

{o}I = {oI} ⊆ ∆I

{(o1, . . . , on)}I = {(oI1 , . . . , o
I
n)} ⊆ >In

Although nominals are interpreted as singleton sets, one can use
them to express sets of named individuals/tuples by using other
constructs, e.g., {o1, o2} ≡ {o1} t {o2}.

Define a Cartesian product role expression C1 × . . . × Cn for
concept expressions C1, . . . , Cn with the following semantics:

(C1 × . . .× Cn)I ≡ CI1 × . . .× C
I
n ,

where I is an interpretation and the × on the right hand side is the
usual Cartesian products of sets. Cartesian product role expressions
do not add extra expressiveness toDLR as they can be rewritten in
terms of DLR constructs only. For every interpretation I, one has

(C1 × . . .× Cn)I = (($1/n : C1) u . . . u ($n/n : Cn))I .

Since the interpretation of role nominals can be seen as a Cartesian
product of the interpretation of concept nominals, role nominals do



not add any expressive power either: {(o1, . . . , on)} is equivalent
with ($1/n : {o1}) u . . . u ($n/n : {on}).

THEOREM 1. Let I be an interpretation. Then,

{(o1, . . . , on)}I = (($1/n : {o1}) u . . . u ($n/n : {on}))
I .

PROOF. Immediate by the definition of role nominals and the
above remark on cardinality product role expressions.

As the rewriting in Theorem 1 is linear, we can restrict ourselves in
the remainder of the paper to concept nominals only.

We denote the fragment of DLRO without the number restric-
tion ≤ k[$i]R as DLRO−{≤}. As DLRO−{≤} is an extension
of the DLALC and satisfiability checking ofALC concept expres-
sions w.r.t. ALC knowledge bases is EXPTIME-complete [2], we
have that satisfiability checking of DLRO−{≤} concept expres-
sions w.r.t. DLRO−{≤} knowledge bases is EXPTIME-hard.

4. SIMULATINGDLRO−{≤} WITH BOUND
GUARDED PROGRAMS

Consider a knowledge base Σ where L and M are concepts and
t is a ternary role such that, intuitively, (x, y, z) is in the interpre-
tation of t if x is a parent of y which in turn is a parent of z. We
interpret L as the concept indicating the local people of the village
M .

L v M u ∃[$3 ](t u ($1/3 : M ) u ($2/3 : M )) .

The axiom expresses that local people live in M and have a parent
and grandparent that live in M .

We translate the axiom as a constraint4:

← L(X),
not (M u ∃[$3](t u ($1/3 : M) u ($2/3 : M)))(X)

Intuitively, we associate with the concept expressions on either
side of v in an axiom a new predicate name. We conveniently
denote this new predicate like the corresponding concept expres-
sion. The constraints simulate the behavior of the axioms: if L(x )
holds and (M u ∃[$3 ](t u ($1/3 : M ) u ($2/3 : M )))(x ) does
not, we have a contradiction. This corresponds to the DL behavior
of the corresponding axiom: if x ∈ LI and x 6∈ (M u ∃[$3](t u
($1/3 : M)u($2/3 : M)))I , we have a contradiction as the axiom
requires that LI ⊆ (M u ∃[$3](t u ($1/3 : M) u ($2/3 : M)))I

for models I.
After translating the axiom as a constraint, it remains to define

the newly introduced predicates according to the DL semantics. We
define L, M , and t as free predicates:

L(X) ∨ not L(X) ←
M(X) ∨ not M(X) ←

t(X,Y, Z) ∨ not t(X,Y, Z) ←

Intuitively, the DL semantics gives an open (first-order) interpre-
tation to its concept names and role names: a (tuple of) domain
element(s) is either in the interpretation of a concept (role) name
or not. Note that t is a ternary role name, so we introduce it as a
ternary predicate.

We add for the special concept name >1 and >3 the following
free rules

>1(X) ∨ not >1(X) ←
>3(X,Y, Z) ∨ not >3(X,Y, Z) ←

4We assume that a logic program may contain predicate names
starting with a capital letter; this should not lead to confusion with
variables, which appear only as arguments of predicates.

We did not introduce a rule for >2 since the example knowledge
base does not contain binary roles. We ensure that t

I ⊆ >I3 by a
constraint

← t(X,Y, Z), not >3(X,Y, Z)

which is guarded by t(X,Y, Z). To ensure that >I1 = ∆I , we
add the constraint

← not >1(X)

For rules containing only one variable we can always assume that
X = X is in the body and acts as the guard of the rule.

The predicate (M u ∃[$3 ](t u ($1/3 : M ) u ($2/3 : M ))) can
be defined by the rule

(M u ∃[$3](t u ($1/3 : M) u ($2/3 : M)))(X)←M(X),

∃[$3](t u ($1/3 : M) u ($2/3 : M))(X)

Intuitively, if (M u ∃[$3 ](t u ($1/3 : M ) u ($2/3 : M )))(x) is
in an open answer set, then, by minimality of open answer sets,
M (x ) and ∃[$3](tu($1/3 : M)u($2/3 : M))(x) have to be in the
open answer set. Vice versa, if M (x ) and ∃[$3](tu ($1/3 : M)u
($2/3 : M))(x) are in the open answer set, then (M u ∃[$3](t u
($1/3 : M) u ($2/3 : M))(x) has to be as well since the rules
must be satisfied. This corresponds exactly to the DL semantics for
concept conjunction.

We define the predicate ∃[$3](t u ($1/3 : M) u ($2/3 : M))
by the rule

∃[$3](t u ($1/3 : M) u ($2/3 : M))(Z)←

(t u ($1/3 : M) u ($2/3 : M))(X,Y, Z)

such that ∃[$3](tu($1/3 : M)u($2/3 : M))(z) holds in an open
answer set iff there are some x and y such that (t u ($1/3 : M) u
($2/3 : M))(x, y, z) holds. The ternary predicate (t u ($1/3 :
M) u ($2/3 : M)) represents a conjunction and is defined by the
rule

(t u ($1/3 : M) u ($2/3 : M))(X,Y, Z)← t(X,Y, Z),

($1/3 : M)(X,Y, Z), ($2/3 : M)(X,Y, Z)

Finally, we define the predicates ($1/3 : M) and ($2/3 : M) as
follows:

($1/3 : M)(X,Y, Z) ← >3(X,Y, Z),M(X)
($2/3 : M)(X,Y, Z) ← >3(X,Y, Z),M(Y )

Both rules are guarded by >3(X,Y, Z). ($1/3 : M)(x, y, z)
holds in an open answer set iff >3(x, y, z) holds and M(x) holds
which corresponds to the definition of (x, y, z) ∈ ($1/3 : M)I for
an interpretation I.

We define the formal translation fromDLRO−{≤} satisfiability
checking to satisfiability checking w.r.t. bound GPs using the no-
tion of closure. Define the closure clos(C,Σ) of a DLRO−{≤}

concept expression C and aDLRO−{≤} knowledge base Σ as the
smallest set satisfying the following conditions:

• C ∈ clos(C,Σ),

• >1 ∈ clos(C,Σ),

• for each C v D an axiom in Σ (role or terminological),
{C,D} ⊆ clos(C,Σ),

• for every D in clos(C,Σ), clos(C,Σ) should contain every
subformula that is a concept expression or a role expression,



• if clos(C,Σ) contains n-ary relation names, it must contain
>n.

Formally, we define Φ(C,Σ) to be the following bound GP, ob-
tained from the DLRO−{≤} knowledge base Σ and the concept
expression C:

• For each terminological axiom C v D ∈ Σ, add the con-
straint

← C(X), not D(X) (1)

• For each role axiom R v S ∈ Σ where R and S are n-ary,
add the constraint

← R(X1, . . . , Xn), not S(X1, . . . , Xn) (2)

• For each >n ∈ clos(C,Σ), add the free rule

>n(X1, . . . , Xn) ∨ not >n(X1, . . . , Xn)← (3)

Furthermore, for each n-ary relation name P ∈ clos(C,Σ),
we add the constraint

← P(X1, . . . , Xn), not >n(X1, . . . , Xn) (4)

Intuitively, the latter rule ensures that P
I ⊆ >In. We add a

constraint

← not >1(X) (5)

which enforces that for every element x in the universe,>1(x)
is true in the open answer set. The latter rule ensures that
>I1 = ∆I for the corresponding interpretation. The rule can
be guarded with X = X .

• Next, we distinguish between the types of concept and role
expressions that appear in clos(C,Σ). For D ∈ clos(C,Σ):

– if D is a concept nominal {o}, add

D(o)← (6)

This will ensure that {o}(x) holds in an open answer
set iff x = σ(o), corresponding to {o}I = {x} for an
interpretation I.

– if D is a concept name, add

D(X) ∨ not D(X)← (7)

– if D is an n-ary relation name, add

D(X1, . . . , Xn) ∨ notD(X1, . . . , Xn)← (8)

– if D = ¬E for a concept expression E, add

D(X)← not E(X) (9)

Note that we can assume that such a rule is guarded by
X = X .

– if D = ¬R for an n-ary role expression R, add

D(X1, . . . , Xn)←

>n(X1, . . . , Xn), notR(X1, . . . , Xn) (10)

Note that if negation was defined w.r.t. to (∆I)n in-
stead of >In, we would not be able to write the above
as a guarded rule.

– if D = E u F for concept expressions E and F , add

D(X)← E(X), F (X) (11)

– if D = E uF for n-ary role expressions E and F, add

D(X1, . . . , Xn)← E(X1, . . . , Xn),F(X1, . . . , Xn)
(12)

– if D = ($i/n : C), add

D(X1, . . . , Xi, . . . , Xn)←

>n(X1, . . . , Xi, . . . , Xn), C(Xi) (13)

– if D = ∃[$i]R, add

D(X)← R(X1, . . . , Xi−1, X,Xi+1, . . . , Xn)
(14)

THEOREM 2. Let Σ be a DLRO−{≤} knowledge base and C
a DLRO−{≤} concept expression. Then, Φ(C,Σ) is a bound GP,
with a size that is polynomial in the size of C and Σ.

PROOF. Observing the rules in Φ(C,Σ), it is clear that this pro-
gram is a GP. Furthermore, every rule contains at most nmax vari-
ables which is also the bound for the arity of the predicates such
that Φ(C,Σ) is a bound GP.

The size of clos(C,Σ) is linear in C and Σ. The size of the
GP Φ(C,Σ) is polynomial in the size of clos(C,Σ)5 such that the
result follows.

THEOREM 3. A DLRO−{≤} concept expression C is satisfi-
able w.r.t. a DLRO−{≤} knowledge base Σ iff the predicate C is
satisfiable w.r.t. Φ(C,Σ).

PROOF. For the “only if” direction, assume the concept expres-
sionC is satisfiable w.r.t. Σ, i.e., there exists a model I = (∆I , ·I)
with CI 6= ∅. We construct the open answer set ((U, σ),M) with
U ≡ ∆I , σ(o) ≡ oI , and

M ≡ {C(x) | x ∈ CI , C ∈ clos(C,Σ)}

∪ {R(x1, . . . , xn) | (x1, . . . , xn) ∈ R
I , R ∈ clos(C,Σ)}

with C and R concept expressions and role expressions respec-
tively.

We have that ((U, σ),M) is an open answer set of Φ(C,Σ) that
satisfies C:

1. Since CI 6= ∅ there clearly is an x ∈ U such that C(x) ∈
M .

2. One can check that M is a minimal model of Φ(C,Σ)M

(U,σ).

For the “if” direction, assume ((U, σ),M) is an open answer
set of Φ(C,Σ) with C(u) ∈ M . Define an interpretation I ≡
(∆I , ·I), with ∆I ≡ U , AI ≡ {x | A(x) ∈ M} for concept
names A, RI ≡ {(x1, . . . , xn) | R(x1, . . . , xn) ∈ M} for n-ary
role names R and oI = σ(o), for o ∈ cts(Φ(C,Σ)).

One can show that x ∈ DI iff D(x) ∈M for a concept expres-
sion D and (x1, . . . , xn) ∈ R

I iff R(x1, . . . , xn) ∈ M , for an
n-ary role expression R.
5The size of Φ(C,Σ) is polynomial in the size of clos(C,Σ) pro-
vided the size of C and Σ increases such that the n in an added
n-ary role expression is polynomial in the size of the maximal ar-
ity of role expressions in C and Σ. Although the size of C and
Σ increases linearly upon adding a relation name R with arity 2n,
where n is the maximal arity of relation names in C and Σ, the size
of Φ(C,Σ) increases exponentially: one needs to add, e.g., rules

>2n(X1, . . . , X2n) ∨ not >2n(X1, . . . , X2n)←



One can check that I satisfies every terminological axiom D1 v
D2 as well as every role axiom.

It remains to check that CI is not empty. We have that C(u) ∈
M and we know that this is only possible, by the above, if u ∈
CI .

In the above, we considered the fragment DLRO−{≤} of DLRO
without the expressions ≤ k[$i]R since such expressions cannot
be simulated with guarded programs. E.g., consider the concept
expression ≤ 1[$1]R where R is a binary role. One can simulate
the ≤ by negation as failure:

≤ 1[$1]R(X)← not q(X)

for some new q with q defined such that there are at least 2 different
R-successors:

q(X)← R(X,Y1), R(X,Y2), Y1 6= Y2

However, the latter rule is not a guarded rule – there is no atom
that contains X , Y1, and Y2. So, in general, expressing number
restrictions such as ≤k[$i]R is out of reach for guarded programs.

Since satisfiability checking w.r.t. bound GPs is in EXPTIME,
Theorems 2 and 3 ensure that satisfiability checking ofDLRO−{≤}

concept expressions w.r.t. DLRO−{≤} knowledge bases is in EX-
PTIME. Together with the EXPTIME-hardness, DLRO−{≤} sat-
isfiability checking w.r.t. DLRO−{≤} knowledge bases is EXP-
TIME-complete.

THEOREM 4. Satisfiability checking of DLRO−{≤} concepts
w.r.t. DLRO−{≤} knowledge bases is EXPTIME-complete.

From [18], we know that satisfiability checking of predicates
w.r.t. bound GPs is in EXPTIME. From Theorems 3 and 4, we
have that reasoning is EXPTIME-hard.

THEOREM 5. Satisfiability checking of predicates w.r.t. bound
GPs is EXPTIME-complete.

5. QUERY PROBLEMS OVER DLRO−{≤}

SCHEMAS
Consider a DLRO−{≤} knowledge base Σ consisting of the

axiom6

R ≡ ($1/2 : A) .

We can query Σ for those x’s for which A holds and that have an
R successor, i.e., we define a query

q1(X) ≡ A(X), R(X,Y ) .

We call q1 a query over the schema Σ. Formally, we define, similar
to [7], a schema as a DLRO−{≤} knowledge base and a query q
over a schema Σ as an expression of the form

q( ~X) ≡ body1(
~X, ~Y1,~c1) ∨ . . . ∨ bodym( ~X, ~Ym,~cm) , (15)

where ~X ,~Yi, and ~ci subsume the variables and constants in the ex-
pression body i(

~X, ~Yi,~ci). The latter expression is a conjunction
of literals (i.e., atoms and classically negated atoms) where each
underlying predicate is a concept or role name from Σ.7 We call
the query n-ary if ~X is an n-ary sequence of variables.
6A ≡ B is shorthand for the axioms A v B and B v A.
7We do not allow for arbitrary concept expressions or role expres-
sions C in a query. However, to obtain the same effect one can
easily add A ≡ C, for a concept (role) name A, to the knowledge
base and use an atom with underlying predicate A in the query.

The semantics of an n-ary query q over a schema Σ is given
using an interpretation I of Σ:

qI ≡ {~o ∈ (∆I)n | ∃i·∃~yi ∈ (∆I)ki ·body i(~o, ~yi,~ci) true in I} ,

where ki is the length of ~Yi. A ground atom A(~t ) is true in I if
~t I ∈ AI where ~t I is ~t with all constants c replaced by cI . If c is
present in Σ, cI is well-defined, otherwise we assume I is extended
and has defined cI ∈ ∆I . A negated atom ¬a is true in I if a is
not true in I, and a conjunction is true if all conjuncts are true.

We focus on three query problems for schemas: query contain-
ment, consistency, and disjointness, identified in [2] as important
reasoning tasks in the context of databases that have to satisfy a
conceptual schema.

Query Containment. The query containment problem involves
checking, given two queries q1 and q2, whether, for every database
satisfying a schema Σ, the extension of q1 is a subset of the exten-
sion of q2. Formally, we say, for a fixed schema Σ, that q1 is con-
tained in q2, denoted q1 v q2, iff for all models I of Σ, qI1 ⊆ qI2 .
We denote q1 ≡ q2 if both q1 v q2 and q2 v q1.

In addition to the above example query q1, define the query

q2(X) ≡ R(X,Y ) .

By definition of R in Σ, we have that q1 ≡ q2. This illustrates
the usefulness of query containment. The knowledge engineer can
replace all queries q1 by the query q2 which are likely to be faster
since they have smaller bodies.

Definition 1. Let q be an n-ary query as in (15) over a schema
Σ. Then, q is guarded if

• every body i(
~X, ~Yi,~ci) contains an atom ai s.t. vars(ai) =

vars(body i(
~X, ~Yi,~ci)),

• n ≤ nmax , and

• for ki the length of ~Yi, ki ≤ nmax .

We can reduce query containment for guarded queries over a schema
to satisfiability checking w.r.t. bound GPs. For an n-ary query q as
in (15) define ψ(q) as the following rules:

ψ(q) ≡

8

>

>

<

>

>

:

q( ~X)← body1(
~X, ~Y1,~c1)

...
q( ~X)← bodym( ~X, ~Ym,~cm)

where body i(
~X, ~Yi,~ci) is the flattened list of atoms and naf-atoms

making up its conjunction, e.g., if body i(
~X, ~Yi,~ci) = a(X) ∧

¬b(X), then we write this as a(X), not b(X). Intuitively, the dis-
junction in the query is taken care of by the different rules with the
same head q( ~X) while conjunction is standard conjunction in the
body of the rule and ¬ is replaced by not. For a schema Σ and a set
of queries Q over Σ, define the program ψ(Q,Σ) as follows:

ψ(Q,Σ) ≡ {ψ(q) | q ∈ Q} ∪ Φ(>1,Σ) .

The program ψ(Q,Σ) is the program obtained from translating the
schema Σ as in Theorem 3 and the queries Q according the above
correspondence ψ for queries.

THEOREM 6. Let Σ be a schema, q1 and q2 guarded queries
over Σ, and q a new predicate. Then q1 v q2 iff q is unsatisfiable
w.r.t. ψ({q1, q2},Σ) ∪ {q( ~X) ← q1( ~X), not q2( ~X)}, where the
latter is a bound GP.



PROOF. For the “only if” direction, take q1 v q2, where

q1( ~X) ≡ body
1
1(
~X, ~Y 1

1 ,~c
1
1 ) ∨ . . . ∨ body

1
m( ~X, ~Y 1

m,~c
1

m)

and

q2( ~X) ≡ body
2
1(
~X, ~Y 2

1 ,~c
2
1 ) ∨ . . . ∨ body

2
m( ~X, ~Y 2

m,~c
2

m) .

By contradiction, take q satisfiable w.r.t. P ≡ ψ({q1, q2},Σ) ∪

{q( ~X) ← q1( ~X), not q2( ~X)}. Then there is an open answer set
((U, σ),M) of P such that q(~x) ∈ M , and consequently, by min-
imality of open answer sets, q1(~x) ∈ M and q2(~x) 6∈ M . Again
by minimality of open answer sets, we have that there is an i and a
~y 1

i ∈ U
k1

i such that M |= body1
i (~x, ~y

1
i , σ(~c 1

i )). Furthermore, for
all i and for all ~y 2

i ∈ U
k2

i , M 6|= body 2
i (~x, ~y 2

i , σ(~c 2
i )). Define

I = (∆I , ·I) such that ∆I ≡ U , AI ≡ {x | A(x) ∈ M} for
concept names A, R

I ≡ {(x1, . . . , xn) | R(x1, . . . , xn) ∈ M}
for n-ary role names R and oI = σ(o), for o ∈ cts(P ). One can
show that I is a model of Σ such that ~x ∈ qI1 \qI2 , a contradiction
with q1 v q2.

For the “if” direction, take q unsatisfiable w.r.t. P and I a model
of Σ that defines the constants in q1 and q2. Assume, by contradic-
tion, there is an ~x such that ~x ∈ qI1 \qI2 . Define ((U, σ),M) such
that U ≡ ∆I , σ(c) = cI for constants in P and

M ≡ {C(x) | x ∈ CI , C ∈ clos(>1,Σ)}

∪ {R(x1, . . . , xn) | (x1, . . . , xn) ∈ R
I ,R ∈ clos(>1,Σ)}

∪{q(~x) | ~x ∈ qI1\q
I
2 }∪{q1(~x) | ~x ∈ q

I
1 }∪{q2(~x) | ~x ∈ q

I
2 } .

One can show that ((U, σ),M) is an open answer set of P with
q(~x) ∈ M , a contradiction with the unsatisfiability of q w.r.t. P .
Φ(>1,Σ) is a bound GP by Theorem 2. Moreover, ψ(q1) and
ψ(q2) are bound GPs as well, since q1 and q2 are guarded. Fi-
nally, q( ~X)← q1( ~X), not q2( ~X) is guarded by q1( ~X); it is bound
since q has the same arity as q1 and q2 and the latter are guarded
queries.

Query Consistency. This involves checking whether, for a given
query, there is a database satisfying the schema, such that the ex-
tension of the query predicate is not empty. Formally, a query q
over a schema Σ is consistent if there exists a model I of Σ such
that qI 6= ∅.

THEOREM 7. Let Σ be a schema and q a guarded query over
Σ. Then q is consistent iff q is satisfiable w.r.t. ψ({q},Σ), where
the latter is a bound GP.

PROOF. Similarly as Theorem 6.

Query Disjointness. Are two queries q1 and q2 disjoint for every
database satisfying the schema? Formally, q1 is disjoint from q2
over a schema Σ iff for all models I of Σ, qI1 ∩ qI2 = ∅. This
can again be checked by a reduction to satisfiability checking w.r.t.
bound GPs.

THEOREM 8. Let Σ be a schema, q1 and q2 guarded queries
over Σ, and q a new predicate. Then q1 is disjoint from q2 iff q
is unsatisfiable w.r.t. ψ({q1, q2},Σ) ∪ {q( ~X) ← q1( ~X), q2( ~X)},
where the latter is a bound GP.

PROOF. Similarly as Theorem 6.

As a consequence of the reductions of those query problems to
satisfiability checking w.r.t. bound GPs we have, by Theorem 4,
that query containment and disjointness are in CO-EXPTIME and
query consistency is in EXPTIME.

THEOREM 9. Query containment and disjointness for guarded
queries over DLRO−{≤} schemas are in CO-EXPTIME. Query
consistency for guarded queries over DLRO−{≤} schemas is in
EXPTIME.

6. RELATED WORK
We distinguish between two lines of research involving the rec-

onciliation of DLs and logic programming paradigms: the approach
that tries to simulate DLs reasoning with logic programming by
taking a DL knowledge base and reducing it to a program such that
both conclude the same regarding satisfiability checking (see, e.g.,
[15, 1, 22, 28, 4] ) and the approach that unites the strengths of
DLs and LP by letting them coexist and interact, but without re-
ducing one formalism to the other per se (see, e.g., [23, 25, 9, 26,
27, 10, 11, 21]). For more details on those lines of research and
their relation to open answer set programming, we refer to [20, 16,
19].

Note that all the above approaches simulate DLs that only allow
for concept expressions and binary roles; we simulatedDLRO−{≤}

which allows for n-ary roles. In Theorem 3 of [7] the undecid-
able unbounded tiling problem [5] is reduced to query containment
of queries with inequality over a schema that falls strictly8 in the
DLRO−{≤} language. This leads to the observation that query
containment with queries containing inequality over DLRO−{≤}

schemas is undecidable in general. Theorem 6 shows that queries
may contain inequality without inducing undecidability of query
containment provided the queries are guarded. Guardedness is
thus a sufficient condition for decidability of query containment,
regardless of the presence of inequality atoms. This sufficiency is
consistent with the non-guardedness of the constructed queries in
Theorem 3 of [7].

7. CONCLUSIONS AND DIRECTIONS FOR
FURTHER RESEARCH

We extended DLR with nominals and reduced satisfiability
checking of DLRO−{≤} concept expressions w.r.t. DLRO−{≤}

knowledge bases to satisfiability checking w.r.t. bound guarded
programs. This yielded EXPTIME-completeness for both reason-
ing problems. We defined guarded queries and demonstrated that
the guardedness is sufficient for decidability of query containment,
consistency, and disjointness, again by a reduction to bound guarded
programs. DLs are a current standard for reasoning on the web and
there is an increasing interest in extending DLs with rule-based rea-
soning. The results in this paper present an integrated approach to
such DLs and rule-based reasoning.

A significant disadvantage of the current bound guarded pro-
grams is its lack of support for number restrictions inDLRO. One
approach to mend this is looking at possible extensions to guarded
fixed point logic, in particular, can one allow a looser form of in-
equality in guarded fixed point formulas without losing decidabil-
ity? Such a decidable extension could be used to extend guarded
programs (as their decidability depends on a translation to guarded
fixed point logic) and, consequently, to simulate number restric-
tions in DLR.

Finally, it would be interesting to define a semantics for the com-
bination of DLRO with programs (instead of just queries). We
conjecture that a semantics as in [27], qualifies for a reduction of a
combination of a DLR-like language with a logic program to the
unified framework of OASP alone.

8It does not use nominals.
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